N-dimensional static and evolving Lorentzian wormholes with cosmological constant 
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Abstract: We present a family of static and evolving spherically symmetric Lorentzian wormhole 
solutions in N+1 dimensional Einstein gravity. In general, for static wormholes, we require that at 
least the radial pressure has a barotropic equation of state of the form pr — tOrp, where the state 
parameter ujr is constant. On the other hand, it is shown that in any dimension > 3, with 
(l){r) = A = and anisotropic barotropic pressure with constant state parameters, static wormhole 
configurations are always asymptotically flat spacetimes, while in 2+1 gravity there are not only 
asymptotically flat static wormholes and also more general ones. In this case, the matter sustaining 
the three-dimensional wormhole may be only a pressureless fluid. In the case of evolving wormholes 
with A'^ > 3, the presence of a cosmological constant leads to an expansion or contraction of the 
wormhole configurations: for positive cosmological constant we have wormholes which expand for- 
ever and, for negative cosmological constant we have wormholes which expand to a maximum value 
and then recoUapse. In the absence of a cosmological constant the wormhole expands with con- 
stant velocity, i.e without acceleration or deceleration. In 2-1-1 dimensions the expanding wormholes 
always have an isotropic and homogeneous pressure, depending only on the time coordinate. 

PACS numbers: 04.20.Jb, 04.70.Dy, ll.lO.Kk 
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I. INTRODUCTION 

It is well known the interest of studying gravitational 
fields in spacetimes with arbitrary dimensions, with or 
without cosmological constant. The theoretical proper- 
ties of these multidimensional gravitational fields could 
be quite different from one dimension to another and so 
it is of much interest to get an insight into how the space- 
time dimension may influence the gravitational dynam- 
ics. For example, recently, there was a lot of interest in 
low-dimensional gravity. The discovery of the existence 
of three-dimensional black hole solutions represents one 
of the main advances for low-dimensional gravity theo- 
ries. While in (3-|-l)-dimensional gravity black hole solu- 
tions there exist with or without cosmological constant, 
in (2-1-1) dimensions the cosmological constant plays a 
clue role in their existence. From the point of view of the 
equilibrium configurations of stars the number of dimen- 
sions of spacetime also can influence this equilibrium. In 
Ref. pj the authors show that dimensionality does in- 
crease the effect of mass but not the contribution of the 
pressure, which is the same in any dimension. 

The efforts also have been directed to the extension 
of the analysis of (3+l)-solutions to higher dimensional 
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spacetimes, which also have attracted the attention of 
the community. The interest is related for example to 
black hole physics Q, wormhole physics, Kaluza-Klein 
gravity, multidimensional and string/brane cosmology, 
among others. It is interesting to note for example, that 
there is a lack of uniqueness for black holes in higher 
dimensions, unlike the four dimensional counterparts. 
Specifically, the higher dimensional rotating black hole 
metric Q is not unique, unlike the Kerr geometry in 
(3-1-1) dimensions [3]. 

The showed interest in higher dimensional spacetimes 
can be extended also to the study of wormhole physics, 
which has rapidly grown into an active area of research. 
Euclidean wormholes have been studied by Gonzales- 
Diaz and by Jianjun and Sicong Q for example. The 
Lorentzian ones have been studied in the context of the 
N-dimensional Einstein gravity @ and Einstein-Gauss- 
Bonnet theory of gravitation [7|. Wormholes in the con- 
text of brane worlds are discussed in P , while the con- 
struction of thin-shell electrically charged wormholes in 
d-dimensional general relativity with a cosmological con- 
stant is discussed in Ref. j9j]. 

Evolving higher dimensional wormholes have been 
studied in Refs. ^ and [ll|- The authors of Ref. fi3| 
study wormhole solutions to Einstein gravity with an ar- 
bitrary number of time dependent compact dimensions 
and a matter-vacuum boundary. On the other hand, 
in Ref. [llj the authors consider non-static wormholes, 
mainly in 2-\-l and 3-1-1 dimensions, with the required 
matter satisfying the weak energy conditions. The au- 
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thors explore several different scale factors and derive 
the corresponding consequences. 

In this paper, we shall obtain a family of static and 
evolving spherically symmetric wormhole solutions, in 
N+1 dimensional gravity, in the presence of a cosmo- 
logical constant and by imposing at least a barotropic 
equation of state, with constant state parameter, on the 
radial pressure. 

The organization of the paper is as follows: In Sec. II 
we give some characterization of Lorentzian wormholes. 
In Sec. Ill the field equations for evolving wormholes 
in N+1 gravity are formulated. In Sec. IV and Sec. V 
the static and non-static N+1 dimensional wormholes are 
discussed respectively for > 3. In Sec. VI the 2+1- 
dimensional static and non-static wormholes are treated. 
Finally, in Sec. VII we conclude with some remarks. 

II. CHARACTERIZATION OF LORENTZIAN 
WORMHOLES 



The ± signs refer to the two asymptotically flat regions 
which are connected by the wormhole. The equality sign 
in ([2]) holds only at the throat. 

Constraint 4: Asymptotic flatness condition, i.e. as 
I — > ±oo (or equivalently, r — >■ oo) then b{r)/r — > and 
(/)(r) ^ 0. 

Notice that these constraints provide a minimum set 
of conditions which lead, through an analysis of the em- 
bedding of the spacelike slice of ([T]) in a Euclidean space, 
to a geometry featuring two asymptotically flat regions 
connected by a bridge jl5|. 

In this paper we are not including considerations about 
the traversability constraints discussed by Morris and 
Thorne [3. 



HI. N+l-DIMENSIONAL LORENTZIAN 
WORMHOLES 

A. The metric and the matter source 



On the purely gravitational side, the interest on worm- 
hole geometries has been mainly focused on Lorentzian 
wormholes, and was especially stimulated by the pioneer- 
ing work of Morris, Thorne and Yurtsever (l^ . where 
static, spherically symmetric Lorentzian wormholes were 
defined and considered to be an exciting possibility for 
constructing time machine models with these exotic ob- 
jects. The metric ansatz of Morris and Thorne [T3| for 
the spacetime which describes a static Lorentzian worm- 
hole is given by 



>dt' 



b{r) 



+ r^dnl, 



(1) 



where dfi^ = d6^ 



sin'^9d(p^ and the functions and 
b{r) are referred to as redshift function and shape func- 
tion respectively. 

Morris and Thorne have discussed in detail the general 
constraints on the functions b{r) and (/)(r) which make a 
wormhole pi[ll|: 

Constraint 1: A no-horizon condition, i.e. e'^('') is fi- 
nite throughout the space-time in order to ensure the 
absence of horizons and singularities. 

Constraint 2: Minimum value of the r-coordinate, i.e. 
at the throat of the wormhole r = b{r) = bo, bo being the 
minimum value of r. 

Constraint 3: Finiteness of the proper radial distance, 
i.e. 



6(r) 



< 1, 



(2) 



(for r > bo) throughout the space-time. This is required 
in order to ensure the finiteness of the proper radial dis- 
tance l{r) defined by 



l{r) = ± 



dr 



b„ y/l-b{r)/r 



(3) 



The evolving spherically symmetric wormhole in higher 
dimensions may be obtained by a simple generalization 
of the original Morris and Thorne metric [13| to a time- 
dependent metric given by 



(t)fl(*) 




(4) 



where a(t) is the scale factor of the universe, and 6'^''-' are 
the proper orthonormal basis whose one-forms are given 
by, 



e^"^^ = ait) 



dr 



1 - 



b{r) 



= a{t)rdei, 



=a(t)r sin 6*1 d6l2,.... 



N-2 

0{0N-i) ^a{t)r Y[ sine^d0N-i. 

i=l 

It must be noticed that the metric ^ includes static 
wormholes determined by the condition a{t) = — 
const. The constant Uq may be absorbed by redefin- 
ing the shape function in the following form: b{r) i— >■ 
r — aQ{r — b{r)). 
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In general, for the metric (|4]), one might introduce 
a matter source described by an imperfect fluid. Of 
course in this case the energy-momentum tensor has also 
non-diagonal entries. However, we shall use the notion 
of phantom energy in a slightly more extended sense: 
We shall consider this traditionally homogeneous and 
isotropic exotic source to be generalized to an inhomo- 
geneous and anisotropic fluid, but still with a diagonal 
energy-momentum tensor. This means that the only 
nonzero components of the energy-momentum tensor in 
this basis are 



T, 



p{t, r), = Vr{t-, r) = -r(t, r), (5) 



and 



= ... = T, 



{On-i){On-i) 



(6) 



where the quantities p{t,r), pr(t,r), T{t,r){= —pr{t,r)), 
and pi{t,r){— pg.{t,r)) are respectively the energy den- 
sity, the radial pressure, the radial tension per unit area, 
and the lateral pressure as measured by observers who 
always remain at rest at constant r, 9i. 



B. The Einstein field and the conservation 
equations 

For the evolving spherically symmetric wormhole met- 
ric Q the Einstein field equations with cosmological con- 
stant A are given by 



where k = SttG, H = a/a and an overdot and a prime 
denote differentiation d/dt and d/dr respectively. Using 
the conservation equation V^^T^ = we have that, 

^^+H[p, + {N ^l)pi + Np) = 0, (11) 

dpr d(b , . N — 1 , , , , , 

-^ + i^{P + Pr) {Pl-Pr) = 0. (12) 

or or r 

We shall study matter sources described with at least 
a barotropic equation of state for pr{t,r). Thus we can 
write for the radial pressure 



Pr{t,r) = UJrP{t,r), 



(13) 



where uJr is a constant state parameter. One can require 
the same for pi {t,r). Thus in some cases we shall consider 
solutions with a lateral pressure given by 



pi{t,r) = ujip{t,r), 



(14) 



where uji is a constant state parameter. 

In order to find solutions to the field equations we 
can see that the equation ([S]) plays a fundamental role. 
For the diagonal energy- momentum tensor ([S]) and ([B]), 
Eq. ^ implies that the solutions are separated into 
two branches: one static branch given by the condi- 
tion H = a/a = and another non-static branch for 
d<j){t,r)/dr = 0. 



IV. STATIC N + 1 WORMHOLE SOLUTIONS 



+ 



2a2r3 



{rb' + {N-3)b) = Kp{t,r)+A, (7) 



(iV - l)e-'^(*''')i/ Ir - b{r) dcj) 



dr 



0, 



^ ' \ 2 a dt 

[N -1){N ~2)^^{N - 1) (r - h{r)) d 



(iV - 1) e-^^^*'"^) f 



^a^ dr 
KPr{t,r) - A, 



a dt 



rb' + {2N -5)b- {2N - 4) r , 



(r-b) ( d 




(8) 



(9) 



2a'^r^ dr 

-E_l^rb' + {N^i)b) + 
2r-^a'^ 



Kpi{t,r)-K, (10) 



In general, for the static case, we shall suppose that 
the shift and the shape functions, energy density and 
pressures are functions of the radial coordinate r, and 
that only the radial pressure has a barotropic equation 
of state given by Pr{r) = ujrp{r). Then, the required 
condition for the static branch H — a/a — implies that 
the field equations take the following form: 

^^^^(r6' + (7V-3)6) = Kp{r)+A, (15) 
{N-l){N-2)b (iV - 1) (r - 6(r)) d<?!) 



2r3 



dr 

- KU!rp{r) — A, (16) 



rb' + {2N - 5) b - {2N ~ 4) r d(P N-2 

2r^ 'dr 2r^ ^ 



r \ dr^ \ dr 

= Kpi{r) - A. 

In this case the conservation equation takes the form 

dp d(t) , ^ N -I , . , ^ 

Wr-J- + -5- (1 +a;r)P [pi~UJrP)^0. (18) 

dr dr r 
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In order to solve the field equations we can consider only 
Eqs. ([T5 |) . ([TC)) and p^ . Thus we have four unknown 
functions of r, i.e. p{r), pi{r), b{r) and 0(r), for three 
field equations. In order to construct solutions one can 
consider restricted choices for b{r) or 4>{r). So, we shall 
construct solutions by finding the lateral pressure pi{r) 
from the conservation equation (|18p . the energy density 



p{r) from Eq. (fT5|) . and the shape function b{r) (giving a 
restricted form of 4>{r)) or the redshift function 0(r) (giv- 
ing a restricted form of 6(r)) from a differential equation 
obtained from Eqs. P3|) and Thus, from Eqs. ([15]) 

and (jl6p we find that the shape function may be written 
in the form 



b{r) 



Cr- 



2r- 



-(N-3) 



((7V-l)0' + A(l + w,)r) 



r '^r e '^■r dr. 



or equivalently the redshift function as 

[ujr (Af - 3) + TV - 2) (TV - 1) 6 (r) - 2 (1 + cj,.) A + (iV - 1) cj^r 6/ 
2(Af- l)(r-6(r))r 

I 



(19) 



(20) 



Now we shall consider specific static wormhole solu- 
tions. 



A. b{r) ~ r" solution 

First, let us consider the case b{r) — ro (r/ro)" with 
A = 0. This choice permits us to consider the possibility 
of having an asymptotically flat space-time. By putting 
these expressions into Eq. (1^01) we have that the shift 
function takes the form 




-1+aN 



JV(l + ^r)-2-3 oJr+i^ 



(21) 



then the metric and the energy density are given by 

JV(l + ^r)-2-3 LJr + '^ra 



l-a 



r^dn^ 



K p (r) 



iN-l){a + N-3) 



3-Q 



(22) 



(23) 



respectively. Note that by making A^ = 3 we obtain the 
3-|-l-wormhole solution discussed by Lobo in Ref. [l6{ . 

From the metric ((22)) we conclude that we have 
an asymptotically fiat space-time if 1 — a > and 
A^ (1 -I- LUr) — 2 — 3 + ijJrO; > 0, since in this case we 
have that e'^*^''-' — >■ 1 and b{r)/r -> for r — oo. However 
this N-dimensional space-time is a non-traversable worm- 
hole since an event horizon is located at r = ro . It is inter- 
esting to note that for A^ > 3 this non-traversable worm- 
hole may have a positive energy density by requiring that 



— (A^ — 3) < a < 1. In order to make this space-time 
a traversable wormhole we must require that e'^*^'"' = 1 
which implies that A^ (1 -I- ujr) — 2 — 3a;r -I- uJrCt — 0, or 



equivalently a 



Finally, the metric and 



the energy density take the following form: 



ds^ = dr 



(l + c^r)(iV-2) 



^dfl 



K p (r) 



(N-l) {2-N) 



(24) 



(?)■ 



iV(l + ujr)-2 



(25) 



Among Pr(r) — ujp(r), we have for the lateral pressure 



Kpi{r) = 



{N -2)(ujr + N - 2) 



2w, 



r' 



(26) 



Note that for < — 1 and ujr > we have asymptotically 
fiat wormholes, while for —1 < utr < this does not 
occur. On the other hand, for dimensions A^ > 3 we have 
a positive energy density if ojr < 0, and a negative energy 
density for > 0. Thus we conclude that for ujr > 
we have asymptotically fiat wormholes with negative 
energy density, while for uj,. < —1 (or —1 < uir < 0) 
asymptotically fiat wormholes supported by an energy of 
phantom (or quintessence) type, since we have a negative 
radial pressure Pr- In this case, for A^ > 3, the energy 
density p — > for r — >■ oo since for oj^ < — 1 (t^r > 0) 
always the inequality A^(l-|-a;r) -2 < {N{l+u!r)~2 > 0) 
takes place. 

Non asymptotically fiat solutions may be obtained by 
requiring A 7^ 0. These spacetimes are expressed through 
hypergeometric functions. 
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B. 



(r) — solution 



C. Pressure with constant state parameters 



Now we shall consider the general static solution for a 
barotropic radial pressure of the form (jl3|) with (j)(r) = 
0. Clearly, this is the more natural choice for the shift 
function, in order to have a finite e^^^^ throughout all the 
space-time. Thus by putting 0(r) = into Eq. (|19p we 
find that 



b{r) 



ro 



'—iN-3) 



2 A {ujr + 1) 



{uJrN + N -2){N -1)' 



(27) 



and from Eqs. ([T6| and ([T8|) we obtain for the energy 
density and the lateral pressure the following expressions: 



Kp{r) 



{N -1){2-N) 



W(i^r + l)-2 



2A 



(A^K + l) -2)' 



(28) 



Kpi (r) 



(A^ - 2) (^^ + iV - 2) (tq 



2uJrfQ 



Vr 



2Kl 



{N{uJr 



1 



(29) 



Clearly for A = we obtain the previous asymptotically 
flat wornihole solution given by Eqs. (l24l) - ((26)) . For A ^ 
we do not have two asymptotically flat regions, and 
may have wormholes with two asymptotically de Sitter 
regions or two asymptotically anti-de Sitter regions, since 
as r -> cx) the cosmological term dominates. In other 
words, for very large values of the radial coordinate r the 
large-scale curvature of the spacetime must be taken into 
On the other hand, it is remarkable that in 
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account 

this case we can have positive energy density not only for 
uJr < 0, and also for positive values of the state parameter 
Ur by requiring that A > -■^^^^ii^^3^(A^(w,. + 1) - 2). 

It is interesting to note that if we require that the 
lateral pressure has also a barotropic equation of state 
given by Eq. (fT4|) . i.e. pi{r) — ijjip{r), then we obtain 
that the cosmological constant must vanish, i.e. A = 0, 
and the dimensional constraint 



N{UJI + 1) - UJi+UJr =2 



(30) 



must be fulfilled. In this case the lateral pressure may be 
written as 

(2-N-UJr\ . . 

Piv) = — 77 — ^ — Py^) = 



N - 1 



{2- N -ujr){2- N) /ro 



2lott\ 



(31) 



Thus, static wormhole configurations with e'^^''-' — 1 and 
anisotropic barotropic pressure with constant state pa- 
rameters are always, in any dimension N ^ 3, asymptot- 
ically flat spacetimes. 



Now we shall consider the case 0(r) ^ and barotropic 
pressure with constant state parameters (fT3|) and (fT4| . 
This means that now we have three field equations for 
three unknown functions b(r)^ (j)(r) and p{r). 

By putting pi(r) = (jjip(r) into Eq. (jl8|) we obtain that 
the energy density is given by 



p{r) ~ C r '•'■r e ^-r , 



(32) 



where C is an integration constant. From Eq. (|15p. and 
by taking into account the Eq. ([5^. we find that 



b{r) = 2r 



kC- 



A 1 ^N^l 



N - 1 



-dr 



Cir 



-N+3 



(33) 



where Ci is a new integration constant. In order to have 
the general solution for this case we can find the function 
4>{r) by solving the differential equation (1161) . by putting 
into it the expressions (|32]) and ((33|) . Unfortunately, the 
obtained differential equation for 0(r) is too complicated, 
so we shall give a particular solution by considering a 
restricted choice of the shift function 0(r). 
Let us consider the case 



(34) 



This choice clearly may ensure the absence of horizons 
and singularities for < tq < r < oo, since the shift 
function is finite throughout the space-time. In this case 
the field equations require that A = 0, so in order to 
have a shift function of the form the cosmological 
constant must vanish. Thus the metric takes the form 



N-2 



dt^ 



dr' 



1 + ^- 



r^dn^ 



(35) 



where C is a constant of integration, the energy density 
is given by 



Kp(r) = — 



{N -1){N- 2) 



2r 



and the constraint 



-N + NUr + 2 - iUr 

2{N- 1) 



(36) 



(37) 



was used. Clearly for dimensions A^ > 3 we have a pos- 
itive energy density if < 0, and a negative energy 
density for > 0. 

One can rewrite the wormhole metric (1351) in a more 
appropriate form. From the condition g^rir = rg) = 0, 



6 



we obtain for the integration constant C = 1 + l/wr. 
Then, we have for the metric component g^^{r) = (1 + 
\/LOr){l — l/(r/ro)'-^^^''), and the wormhole throat is 
located at ro. 

Note that this wormhole is not asymptotically flat, so 
in order to this wormhole connects two different asymp- 
totically flat regions we need to match this solution to 
an exterior N-dimensional vacuum spacetime, i.e. to the 
N+f -dimensional Schwarzschild solution [3j. 

This wormhole spacetime has an interesting feature to 
be remarked: if we rescale the coordinate time t and the 
radial coordinate r we can rewrite the metric to 



N-2 



dr"^ 



1 



(38) 



This metric has a solid angle deficit, which depends on 
the value of the state parameter. 

It is interesting to note that if we want an isotropic 
solution with the shift function of the form (|34| we obtain 
from Eq. (|37l) . by putting lo^ = uji, that 



iV 



2 + N' 

Thus the metric is given by 

N-2 . dr^ 



(39) 



ds-" = - 



dt^ 



4 

2-N 



r^dn%^„ 



(40) 



where the energy density and the isotropic pressure are 
given 



p{r) 



{N~l){N + 2) 



2Kr, 



{N~ 1){2~N) 



2Kr, 



(41) 
(42) 



This energy density is always positive. In order to have 
a wormhole we must require C = ensuring that 

g^rir = "Tq) =0. However, it can be shown that in this 
case the metric component grr is positive for < ro < ro 
and negative for r > rg, so the metric (^(11) does not 
represent a wormhole spacetime for > 3. 

Let us note that a four dimensional spherically sym- 
metric static wormhole solution with a shift function of 
the form (IMl) and isotropic pressure was considered by 
Lobo in Ref. However the solution given by Eq. 

(32) of the Ref. [1^ does not have isotropic pressure of 
the form p = up. As we can see from the N-dimensional 
solution (pUjl -iP ^ the self-consistent four-dimensional so- 
lution with a shift function of the form e"^ = ( — I 



given by 

ds^ 



dt^ 



dr^ 



-4- 



r^dni 



(43) 



where the isotropic pressure and the energy density are 



given p = -|p(r) = -- 



^1, and as we stated above 



this solution is not a wormhole. 



V. EVOLVING N + 1 WORMHOLE SOLUTIONS 

Now we shall consider the non-static branch of the so- 
lutions. As we stated above in order to have non-static 
wormholes we must require d(t)(t,r)/dr = 0. This con- 
dition implies that the redshift function can only be a 
function of t, i.e. 4'{t,r) = f{t), and then we can rescale 
the time coordinate so without any loss of generality we 
shall require 0(i, r) — f{t) = 0. In this case we are inter- 
ested in solutions having a barotropic anisotropic pres- 
sure with constant state parameters given by Eqs. 
and mi). 

Now, from the conservation equation p2l) we obtain 



p{t,r) = p„a-("-+(^-i)"'+^V^("'-"'-), 



(44) 



where po is an integration constant, and by subtracting 
equations Q and (fTO|) we have that 

("■^ - = .,(^.+(jV-i)^,+jV) ■ (45) 



2a2r3 



It is straightforward to see that in order to have a 
solution for the shape function 6 = 6(r) the following 
constraint must be imposed; 



Wr + (^-l)wi + 7V 



(46) 



on the state parameters lOr and , thus obtaining for the 
shape function and the energy density 



h(r) = Cir^ 



p{t,r) = po- 



2KpQUJr 



(N -2){N -1) 



(47) 



(48) 



where Ci is an integration constant. Now, from equation 
([7]) we obtain the following differential equation for the 
scale factor 



2Aa2 



N{N - 1) 



(49) 



The solution for this equation depends on the signs of the 
cosmological constant A and the integration constant Ci , 
as we display in Table ID 



IS Now, it must be noted that the radial coodinate in this 
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a{t) 



aoe 



CiN(N-l) 
2A 



-CiN{N-l) 
2A 



iV(i'^-l) ^ + '?''0 



sinh 



CliV(iV-l) 
2A 



cosh 



iV(^'^-l) ^+'/'o) 



Ci A 



< 



< 



> 



> 



< 



> 



> 



TABLE I: The table shows the possible scale factors derived 
from Eq. (|49|) . 



solution may be rescaled in order to absorb the integra- 
tion constant Ci. In this case the metric is given by 



1 - fcr2 



ds^ = -dt^ + a^{t) X 

+ r^dn%^A,{50) 



(W-2)(l + i^r) 



(Ar-l)(Ar-2) ' 



where /c = for Ci = 0, fc = -1 for Ci < and fc = 1 
for Ci > 0. We summarize all possible scale factors for 
the found wormhole solutions in Table |TT1 



a{t) 


k 


A 


const 








t + const 


-1 





1 / 2A , 

aoe V «(«-!)* 





> 


^-^sin(^^t + ^o) 


-1 


< 


^m^sinl.y^t + ^o) 


-1 


> 


\J *2A ' COsh(^y^(^'^_^)t + 0o) 


1 


> 



TABLE IL The table shows all the possible scale factors for 
the general solution (|50|) of an evolving Lorentzian wormhole 
in 1 dimensions with the radial tension and the tangential 
pressure having barotropic equations of state with constant 
state parameters. 



Now we shall rewrite the wormhole metric (1501) in a more 
appropiate form. From the condition g^rir — ro) =0, 
we obtain for the integration constant po 

(jV-l)(jV-2)(fcr§-l) 
Po = ^ r-Q , (51) 

yielding for the shape function and the metric component 

9rr 



b{r) = ro 



iV(l + ^r)-2 




, (52) 



.^0 



(53) 



respectively. This implies that the wormhole throat is 
located at ro, and the energy density is given by 



Kp{t,r) 



(iV-l)(iV-2)(fcr2-l) /ro 



2w,.r2a2(t) 



W(H-^r)-2 



(54) 

It is clear that for > 3 the cosmological constant di- 
rectly controls the behavior of the scale factor a{t) and 
not the shape function 6(r), which mainly is controlled 
by the state parameter ujr. In order to have an evolv- 
ing wormhole we must require uJr < —I ot Ur > (in 
both of these cases, in the g^r metric component (j53p . 

{N - 2)(1 -I- UJr)/uJr > and (7V(1 + IVr) - 2)/uJr > 0), 

implying that the phantom energy can support the ex- 
istence of evolving wormholes in the presence of a cos- 
mological constant, and the energy density vanishes at 
r — oo. On the other hand, clearly for ujj. < —1 or 
ujr > the metric (j50p at spatial infinity (r — > oo) has 
slices t = const which are N-dimensional spaces of con- 
stant curvature: open for k = -1, fiat for k = and closed 
for k = 1. This implies that for r — > oo the metric ([50]) 
is foliated with spaces of constant curvature. 

Now some words about the energy conditions. It is 
well known that, in all cases, the violation of the weak 
energy condition (WEC) 



P > 0, p + pr>0, 
P + P, >0, 



(55) 



is a necessary condition for a static wormhole to exist. 
In the case of our non-static solution we must require 
cj,. < — 1 or > in order to have evolving wormholes. 
Thus in general, for fc = Oorfc = — 1 and p > 0, we must 
require w,. < —1, so the WEC is always violated (this is 
independent of the value of the cosmological constant), 
while for fc = 1 (in this case A > 0) and p > 0, we may 
require < — 1 for Tq < 1 (and the WEC is always 
violated) or require < cj^ < 1 for ''o > ^ (and the 
violation of WEC is avoided) . Unfortunately this latter 
case must be ruled out for the consideration of evolving 
wormhole configurations. 

For iV = 3 we obtain the evolving wormhole solutions 
discussed in Refs. 18] and 19], where the traversabil- 
ity criteria for these four dimensional wormholes are also 
considered. 



VI. 2 + 1 EVOLVING LORENTZIAN 
WORMHOLES 

As we can see from evolving N-l-1 wormhole solutions 
the shape function 6(r) in Eq. (|47|) is not well defined 
for N — 2. On the other hand, by studying more ac- 
curately the field equations for evolving wormholes in 
any dimensions (I71)- PTH) we conclude that the nature of 
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such wormholes for iV = 2 and iV > 3, are quite dif- 
ferent. Effectively, in this case the condition 0(r) = 
must be required. Thus, the pressure sustaining the tree- 
dimensional evolving wormholes must be always isotropic 
and homogeneous, i.e. of the form Pr{t) — pi{t) — p{t), 
while for iV > 3 the pressure must be always inhomoge- 
neous and anisotropic, i.e. given by pr{t,r) and pi(t,r). 
In other words, it can be seen from the field equations ([7])- 
pO| that for iV > 3 the requirements (j){r) = 0, Pr = Pr{t) 
and pi = pi (t) immediately implies that the shape func- 
tion 6(r) must vanish, and then we must consider a pres- 
sure of the form pr{t,r) and pi{t,r). For N = 2 clearly 
this does not occur. 

So now we shall discuss separately wormhole space- 
times in 2-f 1 dimensions. 

In three dimensional gravity the metric for an evolving 
wormhole is given by 



ds^ = -e^^i^'^-Uf + a\t) 



1 



b{r) 



(56) 



The field equations may be directly obtained by putting 
TV = 2 into Eqs. ©-([H]). As in the N-dimensional case 
the solutions are separated into two branches: one static 
branch given by the condition a[t) — const and another 
non-static branch for d(t>{t, r)/dr — 0. 



On the other hand, for the shape function given by 
h[r) = fo(''/^o)" and </)(r) ^ the solution has the 
form (|2ip - (P5|) with N — 2, obtaining a 2+1-dimensional 
non-traversable wormhole with an event horizon located 
at tq. In this case the energy density is always negative, 
to the contrary of the real possibility of having a positive 
energy density for > 3. 

It must be noted that three-dimensional static worm- 
hole configurations are discussed by Perry and Mann in 
Ref. |2Q|], where the constraints on the field equations to 
obtain wormholes are presented and further constraints 
on traversibility are discussed. 



B. Non-static three-dimensional branch 

Let us now discuss the 2-l~l-non-static branch with 
d(t){t, r)/dr — 0. In this case the Einstein field equations 
are given by 



{rb' - b) 
2r^a? 



a 

a 



KPr 



npi 



up + A. 



A. 



A. 



(59) 



(60) 



(61) 



A. Static three-dimensional branch 

In general, for the static branch the solutions may be 
obtained by putting A^ = 2 into Eqs. (HH) and (gOl), and 
then we can impose a restricted form of the shape func- 
tion b{r) or the redsfiht function e'^^''-'. For 0(r) = we 
obtain that the pressure is isotropic and constant, and in 
the presence of the cosmological constant takes the value 
Kpr = npi — K. In this case the energy density is given 
by 



nplr) — 



rb' - b 
2r3 



A. 



(57) 



Note that a static wormhole sustained by a pressureless 
fluid is only possible in 2-1-1 (i.e. A = 0). For dimensions 
A > 3, the requirements (f){r) = and pr = pi = im- 
plies that the shape function must vanish. Let us now 
consider a specific asymptotically fiat wormhole given by 
b(r) = rQir/ro)". Thus the pressureless fluid has an en- 
ergy density given by 



K p{r) 



(a-1) 



A. 



(58) 



In this case, we must require a < 1 in order to have a 
three-dimensional wormhole, thus for A = the energy 
density is always negative. For A 7^ we can demand 



that A < 



< in order to have a positive energy 



density for r > tq. 



dp 

-^+H[pr+pi+2p) = 

dpr _ {Pl - Pr) _ 

dr r 



(62) 
(63) 



It's clear from Eqs. (|B(7| and ([FT]) that only an isotropic 
pressure is permitted, then we shall write Pr = pi — p. 
Thus from Eq. (|63p we obtain that dp/dr = 0, which 
implies that the pressure has the general form p — p{t). 
In the following we shall discuss the cases p = const and 
p = p{t). 



1. Case p = const and p{t, r) 

By putting p — const into Eqs. (|60|) and (|62|) we obtain 
for the scale factor and the energy density 



i{t) = Ci sm{y^Kp - A t) -f C2 cos{y/Kp -At), (64) 

(65) 



p{t,r) = — p, 



respectively. Now by putting the scale factor and energy 
density from Eqs. ([M)) and (pS]) into Eq. ([5^ we obtain 
the following expression for the shape function: 



^=r2(C7,2+C/) (A-Kp) + 



2k / rpg (r) dr + C, 



(66) 
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where C is an integration constant. By giving a restricted 
form of Pg (r) we can obtain the shape function. One can 
also impose a restricted form of &(r) and obtain the form 
of the function (r) with the help of the expression 



(67) 



where ' = d/dr. Let us consider a specific wormhole 
solution given by 6(r) — ro(r/ro)". Thus we obtain 



2r2(r/ro) 



— + {Ci' + C2^) («p-A). (68) 



As we know a < 1 for having b{r)/r < 1, and in order 
to have a positive energy density we must require that 



np > 



A. Note that in this case even for 



A = we can have p{r) > 0. 

It is interesting to note that this wormhole, for every 
slice a{t) = uq = const, and for p = A = with a = 1/2 
reproduces the asymptotically flat and static wormhole 
solution discussed in Ref. |20||. 



2. Case p — p{t) and p{t, r) 



By direct integration of Eq. (|62|) we have that 
F{r) 2k f f ^^^^ da{t)\ 



Kp{t,r) 



a{t)p{t)^\dt. (69) 



Since pit) is an arbitrary function, this implies that the 

t^r) = ^,+C{t). 
d{t)/a{t) + A into 



general form of the energy density is p(i, r) = ^^+C'(i) 



By putting the expression p{t) 
Eq. ((69)) we obtain finally 



Kp{t,r) 



A. 



(70) 



By substituting p(t, r) from the above equation in 
Eq. (f59|) we obtain that 



Fir) . 1 m 
^ ' 2r\r 



(71) 



Clearly, for having a solution we must give a restricted 
form of the pressure in order to find the form of the 
scale factor. For example, for pit) = p ~ const we ob- 
tain the discussed above solution ([M)) . (1551) and (1571) . If 
we consider the pressure given by pit) — i", then the 
scale factor takes the form ait) = C'^ii/2(i+Vi-4 c) _^ 
(^2^1/2(1- V1-4C) foj. ^ ^ _2, and 



a it) = Ci VtBesselJ (a + 2) \ 2 



CzVtBesselY (a + 2)"\2 



a + 2 
a + 2 



(72) 



for a 7^ —2, where BesselJ and BesselY are the Bessel 
functions of the first and second kinds respectively. In 
order to have a traversable wormhole we must give 
a restricted form of the shape function satisfying all 
wormhole constraints, as for example, 6(r) — ?'o(r/ro)". 
Clearly in this case from Eq. (|7T|) we have Fir) < for 
a < 1, thus the energy density (1701) may be negative or 
positive during the evolution. This mainly depends on 
the relation between the terms Fir) /a? and . As an 
example let us consider the case of a power law scale fac- 
tor ait) ^ tl^. In this case the energy density will be 
given by 



Kp(r) 



1) 



2rlirlr^)^-'^t^P 



<2 



A. 



(73) 



Clearly in this case for A 7^ there exist values of the 
parameters which ensure the positivity of the energy den- 
sity during all evolution of the scale factor. For A = 
we always can find a value of the cosmic time t — to > 0, 
where the energy density vanishes, thus pit, r) may be 
negative for < i < io or i > tg- 

It must be noticed that the case pit) and pit) must be 
excluded from consideration since in this case we must 
require that 6(r) = 0, and then we can not have a worm- 
hole configuration. 



VII. DISCUSSION 

In this paper we have obtained N+l-dimensional solu- 
tions for the Einstein field equations which describe static 
and evolving spherically symmetric Lorentzian worm- 
holes. In general, for static wormholes, we require that 
at least the radial pressure has a barotropic equation of 
state of the form p^ = uJrP, where the state parameter 
is constant, and for evolving wormholes we also require a 
barotropic equation of state pi = LOip with constant state 
parameter w/ for the lateral pressure. 

For static wormholes it is shown that, in any dimension 
N > 3, with 0(r) = A = and anisotropic barotropic 
pressure with constant state parameters, they are al- 
ways asymptotically flat spacetimes, while in 2-|-l gravity 
the static wormholes may have more general asymptotic 
spaces. In this case, the matter sustaining the three- 
dimensional wormhole may be only a pressureless fluid. 

The nature of evolving wormholes in 2-|-l-dimensions 
and N+l-dimensions, with iV > 3, are quite different. 
For evolving wormholes in any dimensions the condition 
0(r) = must be required. However, this constraint im- 
plies that the pressures sustaining the tree-dimensional 
wormhole conflgurations must be always homogeneous, 
i.e. only must depend on the cosmological time, while 
for > 3 these pressures must be always inhomoge- 
neous, i.e. of the form pit,r), in order to have an evolv- 
ing wormhole spacetime. This can be seen from the field 
equations (|7))- (fTUl) (for A'' > 3) by requiring 0(r) — 0, 
Pr = Prit) and pi = piit). This inmediately implies that 
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the shape function b{r) must vanish. In the case of evolv- 
ing wormholes with iV > 3, the presence of a cosmologi- 
cal constant leads to an expansion or contraction of the 
wormhole configurations: for positive cosmological con- 
stant we have wormholes which expand forever and, for 
negative cosmological constant we have wormholes which 
expand to a maximum value and then recoUapse. In the 
absence of a cosmological constant the wormhole expands 
with constant velocity, i.e without acceleration or decel- 
eration. In 2-1-1 dimensions the expanding wormholes 
always have an isotropic and homogeneous pressure, de- 



pending only on the time coordinate. 
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